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Abstract
Nucleon generalized polarizabilities are investigated within a relativistic framework,
dening such quantities through a Lorentz covariant multipole expansion of the ampli-
tude for virtual Compton scattering. The key physical ingredients in the calculation
of the nucleon polarizabilities are the Lorentz invariant reduced matrix elements of
the electromagnetic transition current, which can be evaluated from o-energy-shell
helicity amplitudes. The evolution of the proton paramagnetic polarizability, para(q),
as a function of the virtual-photon three-momentum transfer q; is explicitly evaluated
within a relativistic constituent quark model by adopting transition form factors ob-
tained in the light-front formalism. The discussion is focussed on the role played by
the eects due to the relativistic approach and to the transition form factors, derived
within dierent models.
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1 Introduction
One of the major goals of present day researches is to gain an understanding of the compos-
iteness of the nucleon in terms of the fundamental quark-gluon dynamics. An outstanding
role in unravelling the nucleon structure is played by the electromagnetic (em) interactions
which provide clean information on the internal nucleon degrees of freedom. In particular,
a great deal of attention has been recently devoted to virtual Compton scattering (VCS) o
the nucleon, which is the natural complement to real Compton scattering and form factor
measurements. VCS will be analyzed experimentally by means of the ep! e0p0γ reaction in
the dierent kinematic domains accessible at Jeerson Lab [1] and at MIT-Bates [2], while
initial data below the pion production threshold have been taken at MAMI laboratory [3].
The virtual nature of the initial photon opens the possibility of investigating the
scattering amplitude independently as a function of the momentum and energy transfers,
allowing to access a much greater variety of observables than in real Compton scattering.
Depending on the photon energy, VCS can be employed to disentangle dierent aspects of
the nucleon structure: rst, it provides important insights in the perturbative QCD descrip-
tion of the nucleon wave function in the hard-scattering regime [4]. Second, diractive VCS
has recently attracted new attention in deep inelastic kinematics in order to get information
about some parton distribution inaccessible in standard inclusive measurements [5, 6]. Other
energy domains of particular physical interest are the region of low-lying resonances, where
VCS becomes sensitive to the excitations of the nucleon, and the threshold regime, where one
can measure new em observables which generalize the usual electric () and magnetic ()
polarizabilities. In particular, at low nal photon energy and arbitrary momentum transfer,
it has been shown [7, 8] that the nucleon structure information of the VCS amplitude can
be parametrized in terms of a small set of independent generalized polarizabilities. Many
authors have theoretically investigated the generalized polarizabilities within the framework
of dierent approaches, such as the non relativistic constituent quark (CQ) model [7], eec-
tive Lagrangian models [9] and eld-theoretical models like the linear sigma model [10] and
heavy baryon chiral perturbation theory [11].
Our aim is to study the generalized polarizabilities of the nucleon within a relativis-
tic scheme based on a Lorentz covariant multipole expansion of the VCS amplitude, which
corresponds to classify the initial and nal photon interaction vertices in terms of Lorentz
invariant reduced matrix elements of the em transition current. These quantities summarize
all the dynamical information relevant to the VCS process and, in our model, are obtained
using the em transition form factors calculated by adopting a relativistic CQ model, formu-
lated within the light-front hamiltonian dynamics [12], and an o-energy-shell prescription
for the baryon em current. In section 2, we describe the appropriate formalism to dene
the generalized polarizabilities, while in section 3 the results for the evolution of the proton
paramagnetic polarizability, para(q), as a function of the virtual-photon three-momentum
transfer q; is presented. The sensitivity to both relativistic eects, introduced by the Lorentz
covariance constraint, and transition form factors, obtained in a relativistic as well as non-
relativistic framework, is discussed. The conclusions are drawn in the nal section.
2
2 General formalism
The amplitude for the VCS process γN ! γN is given by
T = "0 (q
0)H"(q); (1)
where H is the Compton tensor which describes the interaction between a nucleon and an
ingoing virtual photon with polarization "(q) and four-momentum q  (!; ~q), followed by
the emission of a real nal photon with polarization "0(q0) and four-momentum q0  (!0 =





(z); I(0)) j~pii; (2)
where I is the hadronic em current and T ( ; ) denotes the time-ordered product. In
Eq. (2), pi(f)  (Ei(f); ~pi(f)) and  (
0) are the four-momentum and the third component
of the spin of the initial (nal) nucleon, respectively, while the normalization of the states
is h~pj~p 00i = (2)3E=m ;0(~p − ~p 0). According to the analysis performed in Ref. [7],
the Compton tensor can be split into the sum of the nucleon Born term HB and a residual
contribution HR
H = HB +H

R ; (3)
where HB includes the gauge invariant contribution from the intermediate nucleon propa-
gation and from the nucleon-antinucleon excitation and is entirely determined by the Dirac
and Pauli form factors, while the residual part, HR , provides the new information on the
nucleon structure. The latter one essentially contains two contributions, the rst one from
the nucleon excited states, and the second one from the contact term corresponding to the
seagull diagram derived from the non-relativistic reduction of the em transition operator. In
our model, the seagull term is not present, since we assume a relativistic scheme for describ-
ing the em interaction and therefore the residual part reduces to the contribution from the
baryon resonant states only. It is customary (cf. [7]) to parametrize HR in terms of gener-
alized polarizabilities obtained by performing a multipole expansion of the initial and nal
photon. This procedure corresponds to classify the two-step photon-nucleon interaction in
terms of the various angular momentum and parity transfers. In the low energy VCS limit,













where (0) indicates the type of the multipole transition ( = 0 : Coulomb;  = 1 :
magnetic;  = 2 : electric;  = 3 longitudinal)and L(L0) is the angular momentum of the
ingoing (outgoing) photon; S refers to the spin (S = 1) and non spin-flip (S = 0) character
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of the transition. In Eq. (4), H
(0L0;L)S
R are the reduced multipoles introduced in Ref. [7]



















dq^ dq^0V  (
0L0M 0; q^0)HR V(LM; q^); (5)
where V (LM; q^) are the four-dimensional basis dened in terms of the spherical harmonics,
YLM ; and the vector spherical harmonics, ~YL‘M ; by
V (0LM; q^)  (YLM(q^);~0);




~YL‘M (q^)); ( = 1; 2; 3); (6)




















In Eq. (5), by gauge invariance of the Compton tensor, the longitudinal ( = 3) multipole
transition may be expressed by the Coulomb ( = 0) one, while in the Siegert limit, the
electric ( = 2) and the Coulomb multipoles are related by current conservation. In particu-
lar, for the virtual photon () the dierence between the electric and Coulomb contribution
is given in terms of mixed polarizabilities, P^ (
0L0;L)S; whereas for the real photon (0) this
term can be neglected to leading order in !0 [7]. As a result, by retaining in H
(0L0;L)S
R only
the linear terms in !0 and imposing the selection rules of the angular momentum and parity
conservation, one nds only 10 independent generalized polarizabilities [7], which are further
reduced to 6 by charge conjugation symmetry [8].
In order to achieve a fully consistent relativistic calculation of the nucleon excitation
contribution to the generalized polarizabilities, it is necessary to develop a proper Lorentz
covariant treatement of the multipoles H
(0L0;L)S
R . The sum of the contributions of the nu-
cleon excited states in the direct (s) and crossed (u) channel leads to the following denition






























where the sum covers the whole excitation spectrum of the nucleon, without the nucleon
(N) and antinucleon ( N) contribution taken into account in HB , and the on-mass-shell
four-momenta of the intermediate states in the direct and crossed channel are denoted as




X ; ~pX = ~pf + ~q








X = ~pi − ~q
0);
respectively.
The key physical ingredients inHR are the matrix elements of the baryonic em current
I(0) between the initial or nal nucleon and each intermediate resonance state. The multi-
pole decomposition dened in Eq. (5) allows us, in each matrix element, to separate purely
geometrical factors, as described by the various angular momentum and parity transfers,
from dynamical aspects concerning the baryon structure. Such a separation can be achieved
by developing a formalism consistent with the constraint of relativistic covariance [13]. In
order to accomplish this, rst of all, we perform the covariant multipole decomposition of
the matrix elements describing the nucleon-resonance transition in the direct channel, then
we generalize the results to the nal interaction vertex and to the crossed term by using the
complex conjugation and the crossing symmetry properties, respectively.
The expansion of the N − X transition matrix element onto the multipole basis of
Eq. (6) reads








B s‘L h‘ m; s msjL MiY
‘






where the coecients B s‘ L are dened by
B0 s‘ L = s;0; B
 s
‘ L = −s;1C

‘L; ( = 1; 2; 3); (10)
and Isms are the sperical components of the current, I
s
ms
= (−1)sI  sms, with the four-vector
basis given by





(0; 1;i; 0); 10 = (0; 0; 0; 1): (11)
By Lorentz covariance of the current operator and transformation properties of the baryon
states, the current matrix elements evaluated in a generic frame may be related to the
corresponding ones calculated in the rest frame of the excited resonance by the well known
formula (see e.g. [14])




















0; ~po ii; (12)
where, here and in the following, the sum is understood over repeated indices. In Eq. (12),
po i = (Eo i; ~po i) is the nucleon four-momentum in the resonance rest frame. The spherical
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components of the rotationless boost operator, s sms ms(~pX=mX); can be explicitly expressed





























where L(~pX=mX) = (EX + mX + ~pX  ~)=
q




components of the four-vector dened in terms of the Pauli matrices as   (1; ~): The
rotationless boost operator maps into the rest frame of the baryon state, viz.













while RL is the corresponding Wigner rotation given by

















(EX +mX)(Ei +mN)− ~pX  ~pi − i~  (~pX  ~pi)q
2(EX +mX)(Ei +mN)(EXEi − ~pX  ~pi +mNmX)
: (15)
As shown in Refs. [14, 15], the current matrix elements in the resonance rest frame can be
parametrized in terms of Lorentz invariant reduced matrix elements according to













 J M jJX XiY





where the reduced matrix elements hX JX kI[l;s;J ](Q2)k N
1
2
i square four-momentum transfer,
Q2 = −q  q. Furthermore they are constrained by the selection rules dictated by parity and
angular momentum conservation, viz.
(−1)‘+s =  X ; jJX −
1
2




with  and X denoting the intrinsic parity of the nucleon and baryon resonance, respec-
tively. Finally, by using Eqs. (12) and (16) we obtain the Lorentz covariant multipole de-
composition for the matrix element in a generic frame, at the same Q2:
The corresponding results for the matrix elements describing the X − N transition






jX JX X ; ~pXi = (−1)

























2 JX + 1. Then, by collecting the results of Eqs. (5), (8), (9), (12) and (16),
and after a straightforward angular momentum algebra, the contribution of the direct term
(s) to the reduced multipoles takes the form
H(















































(−1)kOKk (S; c; ~pX ; ~pi; ~pf)T
K
−k(; 
0; q^; p^o i; q^











Ef −EX + !0
; (20)
where the tensor TKk is obtained by coupling the spherical representation of the Lorentz
boost and the spherical harmonics derived by the multipole expansion of the em eld at
the rst and second interaction vertex and depends on the indices   (a; b; s; s; d;L; ‘) and
0  (a0; b0; s0; s0; d0;L0; ‘0). The tensor OKk is related to the Wigner rotations RL(~pX ; ~pi) and
RyL(~pX ; ~pf) acting on the initial and nal nucleon state, respectively. The explicit expressions
for the tensors TKk and O
K
k can be found in Appendix. The analogous expression for the
contribution of the u channel follows from Eq. (20) by using the crossing symmetry property,
corresponding to the q $ −q0, V(LM; q^)$ V  (
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(−1)kOKk (S; c; ~p
0
X ; ~pi; ~pf)T
K
−k(; 
0; q^; p^ 0o f ; q^











Ei −E0X − !
0
: (21)
Eqs. (20) and (21) exhibit the required Lorentz covariance, obtained by the decom-
position of the em current operator into spherical tensors which transform irreducibly under
the Lorentz group. The main result is that the geometrical and kinematical aspects can
be completely factored into the 6-j and 9-j symbols and the Lorentz transformation coe-
cients given by the tensors TKk and O
K
k , while the dynamical content is summarized into the
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Lorentz invariant reduced matrix elements of the em current. The latter ones contain all the
relevant information on the baryon structure and represent the quantities to be calculated
by models. First of all, it is essential to note that in the VCS process, below the pion thresh-
old, only o-mass-shell intermediate baryons are involved; while in the actual calculation an
o-energy-shell prescription for the baryon current has been introduced. To this end, we
followed the same spirit of the approach proposed by De Forest [16] for the electron-nucleus
scattering, namely the resonance four-momentum is on its mass-shell and only the three-
momentum is conserved, with ~pX = ~pf + ~q
0 in the direct channel and ~p 0X = ~pi − ~q
0 in the
crossed one. Within such an approach, we have evaluated o-energy-shell helicity amplitudes
dened by



































;−j~po ij z^i: (22)
By using Eqs. (16) and (22), the reduced matrix elements have been expressed in terms of
the o-energy-shell helicity amplitudes as follows







































where LX1=2 can be eliminated in favour of S
X
1=2 by current conservation.
3 The paramagnetic polarizability
As a rst application of the formalism developed in the previous section, we analyze the role
of both relativistic and transition form factor eects in the calculation of the dipole magnetic
polarizability of the nucleon. In the center of mass frame of the nal nucleon-photon system
and in the limit of !0 ! 0; the polarizabilities depend only on the three-momentum of
the virtual photon. The q evolution of diagonal magnetic contribution represents a direct







where QED ’ 1=137 and the real Compton scattering limit is recovered for q ! 0:
As is well known, the magnetic polarizability consists of a positive paramagnetic
contribution which is largely cancelled by a negative diamagnetic term due to the polarization
of the pion cloud surrounding the nucleon. Since we are interested in evaluating only the
nucleon resonance excitation contribution, we limit ourselves to discuss the paramagnetic
term para(q). Moreover, in our exploratory analysis we consider only the overwhelming
contribution from the (1232) to the dipole magnetic excitation of the nucleon 1.
The reduced matrix elements of the N − (1232) transition current have been ex-
plicitly calculated in the low energy VCS limit by using the o-energy-shell prescription


























2) and Ki are the kinematic-singularity free form factors and the tensors as


















































































2mN (EN +mN ) with EN =
q
~q 2 +m2N . Note that within this o-shell pre-
scription the constraint imposed by current conservation in the Siegert limit of the helicity

















and the corresponding relation for the reduced matrix elements (see Eq. (23)) in the limit



































1Within such an approximation the proton and neutron magnetic polarizabilities are equal since the
transition form factors involved in the calculations are the same.
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In order to perform a consistent relativistic calculation, within a Lorentz covariant
formalism as well as a relativistic approach for describing the internal nucleon dynamics in-
volved in the scattering process, we have evaluated the magnetic polarizability using the Gi
form factors obtained in Ref. [12] within the light-front hamiltonian dynamics. In particular
such form factors have been calculated i) by adopting baryon eigenstates of the relativized
mass operator proposed in Ref. [18], which quite well reproduces the baryon mass spec-
troscopy, and ii) by using a relativistic CQ one-body em current which contains Dirac and
Pauli CQ form factors as well.
The reduced multipoles have been calculated in the center of mass frame of the nal
photon-nucleon system and as a consequence the boost transformations in Eqs. (20) and
(21) only aect the crossed channel term, where the (1232) is excited with momentum
~p 0 = −~q − ~q
0; while they reduce to the identity in the direct term, where the (1232) is
in its rest frame. The explicit expression of the s channel term in the resonance rest frame
becomes
H(






























!02 +m2N −mX + !
0
; (29)
























Eqs. (29) and (30) recover the results of Ref. [7] obtained in a non-relativistic framework,
while in the u-channel contribution the covariant formalism introduces a mixing between
electric, Coulomb and magnetic multipole transitions, as a tipical relativistic eect due to
the boost transformations from a frame to another one.
In Fig. 1, the curves corresponding to i) our calculation, obtained by using the
relativistic formalism presented in Sect. 2 and the N −(1232) form factors of Ref. [12]; ii)
the non-relativistic CQ model of Ref. [7]; and iii) the eective Lagrangian model of Ref. [9]
are compared. The data point at the real-photon limit has been obtained by taking the
transition form factors extracted from the experimental helicity amplitudes of PDG [19] as
input in our formalism. On the one hand, it should be pointed out that such a data point,
equal to (13:1  1:6)  10−4 fm 3; is in fair agreement with the value obtained in Ref. [20]
by using the experimental data on pion photoproduction. On the other hand, following the
analysis of Refs. [21, 22], the disagreement with the theoretical calculations could be ascribed
to the lacking of a fully consistent treatment of the nal state interaction of the N system
in the extraction of the experimental helicity amplitudes. The main dierence between the
model calculations of para(q) stems from the dierent q dependence of the transition form
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factors combined with the relativistic eects due to the Lorentz transformations. The role
of these dierent ingredients is disentangled in Figs. 2 and 3, where the results of the non-
relativistic CQ model of Ref. [7] have been considered as a reference, since such a model
is more close to our approach in terms of CQ. In Fig. 2, the comparison with our results,
obtained as in Fig. 1, for the separate contributions from the direct and crossed channels is
shown. In the direct term, since the Lorentz transformations are equal to the identity, the
dierent behaviour as a function of q is mainly given by the q dependence of the transition
form factors. In particular, the eects due to the relativistic transition form factors are more
relevant at the real-photon point and for q > 0:9 GeV/c, where it is found a slower fall-o
than the gaussian one predicted by the non-relativistic CQ model. The relativistic eects
are more signicant in the contribution of the crossed term, where the action of the Lorentz
transformations aects the results mainly at increasing values of the momentum transfer.
A more detailed study of the eects of the Lorentz transformations can be done with
the aid of the results shown in Fig. 3, where the predictions of the fully non-relativistic
CQ model of Ref. [7] are compared with the calculations obtained with our relativistic
formalism, Eqs. (20) and (21), but the same non-relativistic form factors as in the model of
Ref. [7]. As expected, the two calculations of the direct term contribution overlap, whereas
the discrepancy in the crossed channel contribution gives a direct evidence of the importance
of the Lorentz transformations, whose eects grow for increasing values of q.
4 Summary
We have investigated the nucleon generalized polarizabilities within a relativistic framework.
In particular, we have formally derived Lorentz covariant expressions for the reduced multi-
poles of the residual part of the Compton tensor (see Eqs. (20) and (21)). These multipoles
determine the generalized polarizabilities in the limit of vanishing real-photon energy. As a
rst application, we have calculated the (1232) contribution to the nucleon paramagnetic
polarizability, analyzing in details the role of the relativistic formalism and the em transition
form factors, obtained within dierent models. On the one hand, by working in the center
of mass of the nal photon-nucleon system, the Lorentz covariance produces eects only in
the u channel contribution, by introducing model-independent kinematical corrections which
become important at values of the three-momentum transfer q  0:5 GeV/c. On the other
hand, the q evolution of the nucleon paramagnetic polarizability is sizably dierent if one
adopts the transition form factors obtained within a relativistic (light-front) CQ model or
within a non-relativistic CQ model, even at low values of the momentum transfer.
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6 Appendix
In this Appendix the explicit form of the tensors OKk and T
K
k (see Eqs. (20) and (21)) is
given.
In particular, the tensor OKk (S; c; ~pX ; ~pi; ~pf ) is dened in terms of the Wigner rotations
R = RL(~pX ; ~pi) and R
0y = RyL(~pX ; ~pf) (cf. Eq. (15)) according to
OKk (S; c; ~pX ; ~pi; ~pf) =
X
;γ






where the indices S and c can assume only two values, (0; 1), and 
S (c)
 (γ) are the spherical
components of the operator  = (I; ~):
The tensor TKk is dened as
TKk
 























where  = (a; ") and 0 = (a0; "0), while " and "0 stand for the set of indices (b; s; s; d; ‘;L)
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FIGURE CAPTIONS
Figure 1: The (1232) contribution to the nucleon paramagnetic polarizability vs the
three-momentum transfer q. Solid line: results obtained by using our relativistic formalism
(cf. Eqs. (20) and (21)) and the transition form factors evaluated within a relativistic CQ
model [12]; dotted line: the non-relativistic CQ model of Ref. [7]; dot-dashed line: the
eective Lagrangian model of Ref. [9]. The data point at the real-photon point (slightly
displaced in order to show the error bar) is the result obtained from the experimental helicity
amplitudes of PDG [19] (see text).
Figure 2: The direct and crossed term of the (1232) contribution to the nucleon
paramagnetic polarizability vs the three-momentum transfer q. The solid and dashed lines
are the direct and crossed term, respectively. Thick lines correspond to the predictions
obtained by using our relativistic formalism (cf. Eqs. (20) and (21)) and the transition form
factors evaluated within a relativistic CQ model [12], while thin lines are the results obtained
within the non-relativistic CQ model of Ref. [7].
Figure 3: The same as Fig. 2, but using in the covariant formalism the transition form
factors of the non-relativistic CQ model of Ref. [7]. The results corresponding to the direct
channel contribution calculated by our relativistic formalism and by the fully non-relativistic
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